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We report numerical and experimental results indicating successful tracking of stabilized fixed points solu-
tions in an electrochemical system. By applying a continuous delayed-feedback technique, periodic oscillations
are suppressed via stabilization of a steady-state fixed point. Subsequently, using a simple continuation method
involving an update term, this stabilized fixed point is tracked through the bifurcation diagram as a system
parameter is slowly varied. Under the influence of this tracking protocol, inception of oscillatory dynamics is
precluded over large parameter domains and through bifurcations.
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Endeavors involving tracking of unstable solutions havex; (e.g., the anodic currem), the accessible control param-
emphasized on tracking periodic solutions rather than fixeeter p; (e.g., the anodic potential) can be continuously
point solutions. Tracking of stabilized periodic solutions wasperturbed such that
first proposed by Carrokt al.[1]. Using a composite of the
Ott-Grebogi-Yorke(OGY) [2] chaos control algorithm and a P1(t) =p1(0) + y[X1(t) =Xy (t=7)], (2
continuation method, they were able to track a stabilized
periodic orbit in a Duffing-like electric circuit. This work Wherep,(0) is the initial value of the parameter and the term
was followed by experimental reports involving tracking of Y[X1(t) —x.(t—17)] gives the superimposed delayed feed-
stabilized periodic solutions in a chemical Belousov-back. It is important to note that this feedback changes the
Zhabotinsky (BZ) reaction[3] and a laser systerfé]. In stability of the target dynamics without altering the location
parallel, there had been repofts-8] of targeting the system of fixed points and/or creating new periodic orbits in the
dynamics to nonoscillatory solutions using feedback techphase spacgs,13].
niques. Controlling the dynamics on a previously unstable Implementation of the continuous delayed-feedback strat-
fixed point could be of practical relevance in experimentalegy can be categorized into the following two limiting cases.
situations where chaotic and/or periodic oscillations are po- (1) In the limit 7—0, the delayed-feedback technique ef-
tentially harmful and cause degradation in performance. Ifectively reduces to the derivative contfd] which is also
such cases, it would be desirable to suppress the emergene@pable of stabilizing steady-state solutioffixed points
of oscillatory dynamics for a wide parameter range of oper{6].
ating conditions. This being the motivation for the present (2) In the limit 7— 7ypo, Whererypo is the period of an
work, in this paper, we report the tracking of stabilized fixedunstable periodic orbi{UPO) embedded in the chaotic at-
point responses in a numerical model for electrochemicalractor, the strategy is equivalent to the Pyragas method of
corrosion[9,10] and in an experimental electrochemical cell controlling chaog12].

[11] using a delayed-feedback control stratddy,13. In The delayed-feedback control is first tested on a model for
both simulations and experiments, periodic dynamics werélectrochemical corrosiof®] described by three dimension-
converted to a nonoscillato§ixed poind state, and this sta- less differential equations:

bilized state was subsequently tracked through the bifurca-

tion diagram using an additional update term. Under the su- Y=p(1—6on—6o)—QqY, 3)
perimposed control, inception of the oscillatory behavior is
precluded for a range of operating conditions, where nor- Oon=Y(1— Oop— 00) — [eXP( — Bbon) + 1100k
mally periodic or chaotic behavior would be observed.

We consider an autonomous dynamical system that is de- +2800(1~ 6on— bo), (4)
scribed by a general set of differential equations

00=T1 6on—S00(1— bon— bo). (5
sz(x(t),p), (1) Variablesfy and 6gy represent the fractions of the electrode

surface covered by two different chemical species, wifile

represents the concentration of metal ions in the electrolyte.
where Xx=(X1,X2,X3, ... X,) and p=(p1,P2,P3, - - - sPm) Parameterp,q,r,s, andg are determined by chemical reac-
are the system variables and the contlifurcation param- tion rates in the mod€l9]. We numerically integrate these
eters, respectively. Depending on the values of control paequations using a fourth-order Runge-Kutta algorithm with a
rameters, a given system may exhibit a number of dynamicdixed step sizelf=1.0). The system parameteis chosen to
responses such as fixed point steady &gtperiodic or cha- be the control parameter wheresis the bifurcation param-
otic oscillations, etc. Considering that in our electrochemicakter. Figure 1 shows the numerically generated bifurcation
experiments, there is an obvious measurable system variabtiiagram for the model system. It is computed by plotting the
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FIG. 1. The numerically computed bifurcation diagram of the
three-dimensional electrochemical mofiEbs. (3)—(5)]. While the  that enables tracking via a continuous update of the fixed
bifurcation parametes is varied, the other system parametpys), point F;,(approx). Compared to the tracking of the periodic
r, and B are fixed at 2.&10™%, 1.0x10°%, 2.0x107%and 5.0,  solutions[1,3,4], where an update of the control term is re-
repsectively. The superimposed dashed line denotes the trackefljired, tracking of fixed point solution is achieved by intro-

fixed point solution. The control parameters of E@) are y=  dycing the continuation term of E¢Q). The control param-
—0.1 and7=24 integration steps, and the continuation parameteiztars of the delayed-feedback contral, and = are not
of Eq. (9) is chosen as; = —0.06. updated and hence remain unchanged throughout the track-

- f the variable of th del ¢ . ing procedure. A stabilized fixed point that is tracked through
minima of the'Y variable of the model system as a function e * s rcation diagram is shown superimposed by the

of s. It shows the typical period doubling route to chaos asy,qhed line in Fig. 1.

the_pa_ram(_ates Is increa_tsed. Atter passing th_rough the large The experimental system is an EG&G Princeton applied
periodic windows, an inverse period doubling is observedggearch model K60066 three-electrode electrochemical cell
until the permd—l dynam|c§ is stable again. setup to study the potentiostatic electrodissolution of copper
Both periodic anq chaotic responses can lpe converted (03 5 5 cetate buffdrl1]. The anode is a rotating copper disk
steady?state behavior _by continuously varying paramgter (5 mm diameter shrouded by teflon. The electrolyte is an
according to the following control formula: acet?rt?e buffer, a mi>3<ture of 70 énglacial acetic acid and
PO=PO) LoD fout=7]. ® O el 1o a saturated calomel reforence el

The appropriate values O)f and 7 can determined by trial trode, while the cathode is a pla’[inum foil disk (252cm
and error. Using the control of E¢6), one can stabilize the area. Under potentiostatic conditions, the circuit potential is
previously unstable fixed point. To calculate the updats-  continuously adjusted by a potentiostBG&G princeton ap-
tinuation) term for tracking, fixed pointsKs ,Fs ) are stabi- plied research model 3620 maintain a desired set value of

lized for two extreme values of the bifurcation parameser Ehew:'/;momtchpoten(tjlaw, a(;]d t:]he Zno$!c curre_rlms meas?:jedt
ie., 5,=96x10°° and s,=102x 10°6. Subsequently, we etween the anode and cathode. Time series current data are

define a new scalag [10] collected and stored in a computer by sampling the anodic
’ current using a data acquisition card with the sampling fre-
g=(Fs—Fs)/(s—5y). (7)  quency fixed at 25 Hz.
2 ! Figure 2 shows the schematic of a typical experimental
This enables us to estimate the fixed point locationPifurcation diagram for the anodic currehtit shows adja-
[F,(approx) at the new value of, cent periodic windows separated by episodes of chaotic be-
havior as the rotation rate of the anode is varied. This behav-
Fin(approy =F¢,+gds, (8)  ior, common in chemical systems, is called mixed-mode
oscillations. In our experiments, it is nearly impossible to
whereF, is the old fixed point ands is the change in the construct a continuous bifurcation diagram such as shown in
drift parameter. The continuatidupdate term is given by Fig. 1 in real time because of the problems involving tran-
sient dynamics and hysteresis. Moreover, since the operating
1l fon—Fn(approx], (9 conditions change continuously, the details of the experimen-
tal bifurcation diagram are not reproducible. However the,
qualitative features remain preserved.
At the anodic potential and rotation rate given in Fig. 3,

when used in conjunction with the control term yields the

following tracking protocol:
_ _ _ the electrochemical system exhibits period-1 current oscilla-
t)=p(0) + ¥ Oon(t) — Oon(t
P(H=P(0)+ Y Oo(t)~ bor(t—7)] tions. The unstable fixed point is stabilizézbntrol is turned
+ y1l Oon— Fin(@pprox | (10 on att=135 s) by continuously perturbing the anodic poten-

045202-2



RAPID COMMUNICATIONS

TRACKING FIXED-POINT DYNAMICS IN AN . .. PHYSICAL REVIEW E67, 045202ZR) (2003

shows the successful tracking of the stabilized fixed point as
the drift parametefrotation rate is varied. Four snapshot
values of the rotation rate during the tracking procedure are
also shown in Fig. 3. Eventually, the tracking algorithm is

0.7

dynamics for a large interval of the bifurcation parameter.
The presented numerical and experimental results indicate
that delayed-feedback control in conjunction with a simple
update method can be successfully applied to stabilize and
subsequently track unstable steady-state fixed points in dis-
00 700 200 1000 sipative electrochemical systems. Moreover, these results in-
Time (s) dicate that it is possible to use tracking in order to preclude
FIG. 3. The tracked fixed point in the experimental electro-the emergence of.osc?lllatc.)ry dynamics m_sys_tems. This could
) o ; . be of importance in situations where oscillations lead to deg-
chemical system. The initial control of period-1 dynamics .
(rotation rate= 2200 rpm) and anodic voltag&(0) is 0.670 V. The r"?ldatlon. of pgrforman(_:e. The update teff. (.9)] uses a
control is achieved by using the delayed-feedback control strateg§'mple Iln_ear Inte_rpolatlon sch_eme that app_rOXI_mates_the new
[Eq. (6)] with the following control parametersy= —0.23 and-  value of fixed point as the drift parametes iy simulations
=65 sampling steps. Subsequent tracking of the fixed point solutioRNd rotation rate in experiments varied. Although this is a
is attained using an update term in conjunction with the initial con-Very simple technique it seems to work well for our model
trol term. The continuation parameter of E(@) used is y,= and experiments. It could be harder to achieve successful
—0.07. Four instantaneous values of the rotation rate; 2300 rpniracking for certain extreme situations such (ag systems
2555 rpm, 2635 rpm, and 2770 rpm are shown as the tracking isvhere the location of the fixed point has a strong nonlinear
performed and rotation rate is varied. Finally, the tracking isdependence on the bifurcation parameter @ndsystems
switched off at rotation rate2770 rpm and the system starts ex- with extremely rapid and abrupt variations in operating con-

T finally turned off and the system starts exhibiting period-3
£ . . . .

= oscillations which is the autonomousncontrolled dynam-
£°° 2300 2555 ics of the system for this value of the bifurcatiédrift) pa-

£ ‘ %m0 rameter(rotation rat¢. Under the influence of this tracking
2 L procedure, it is possible to preclude inception of oscillatory
o »

Q

C

<

0

hibiting period-3 oscillations. ditions. However, since in most practical situations, drift is
usually associated with a slow continuous change in experi-
tial V(t) according to the following control formula: mental conditions, our simple tracking method is applicable

and hence worthy of consideration.

Note addedRecently, it was brought to our attention that
there exists unpublished wof&4] similar to ours involving
tracking of fixed points. These experiments were carried out
in an another chemical system and use a different algorithm
to achieve tracking.

V(1) =V(0)+ 1)~ I(t=7)]. (11)

Similar to the simulations, before implementing tracking,
control is achieved for two extreme values of the bifurcation
parameter(rotation rat¢ and the scalag computed. Subse-
quently, updated values of the fixed poihks,(approx)| for
different values of the bifurcation paramet@otation rate
are obtained and the continuation term analogous to that of
Eq. (9) is calculated. Finally a tracking procedure analogous This work was supported by CONACyT, Mexico. Techni-
to that of Eq.(10) is implemented in experiments. Figure 3 cal assistance from Marco Rivera is appreciated.
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